Introduction {#Sec1}
============

In this work, we investigate the relation between belief functions (see the original \[[@CR13]\], and, for a more recent survey, \[[@CR5]\]) and probability, from a new logical perspective. Expanding on ideas first introduced in \[[@CR1]\], we investigate measures of uncertainty which resemble Dempster-Shafer Belief Functions, but that, instead of being based on classical logic, are based on *Depth-Bounded Logics* (DB logics), a family of propositional logics approximating classical logic \[[@CR4]\].

Our starting point is the observation that Belief Functions and Depth-Bounded Logics share a similar concern for the way *virtual* and *actual* information possessed by an agent is evaluated and manipulated.

Let us recall that belief functions can be uniquely determined from so-called mass functions (see e.g. \[[@CR11]\]), i.e. probability distributions over the power sets of classical propositional evaluations. If such mass functions are non-zero only for singletons of evaluations, one obtains probability functions, as special cases. We will look at the mass functions behind the probability measures, as arising from the general mass functions (determining arbitrary belief functions) via a limiting process: agents originally assign masses to arbitrary sets of evaluations, reflecting their *actual information*, and they stepwise distribute such mass, only when requested to do so, by way of weighting additional *virtual information*, until they will have their say on the specific uncertainty associated with each single evaluation.

A related issue has been investigated in logic, where the family of DB logics \[[@CR3], [@CR4]\] relies on the idea of separating two kinds of (classically valid) inferences: the inferences which only serve the purpose to make explicit the information that agents already possess, i.e. those using only their actual information on the one hand, and those which make use of virtual information on the other. The latter type of inferences arises from the use of a single branching rule (see Fig. [1](#Fig1){ref-type="fig"}), reflecting the *principle of bivalence*, which allow agents to reason by cases, adding information not actually in their possession, and drawing further inferences thereon (see Sect. [2](#Sec2){ref-type="sec"}). The family of depth-bounded logics is then defined just by fixing maximal depths at which the application of such branching rule is allowed. Unbounded use of the rule results in (an alternative presentation of) classical logic, which can be thus seen as a limit of such family of weaker DB logics.

As an important consequence of the bounded use of the bivalence principle, it is shown in \[[@CR4]\] that the consequence relation determined by each DB logic is decidable in polynomial time, hence we can realistically expect that (boundedly) rational agents would be able to recognize, in practice and not only in principle, whether a depth-bounded inference is actually correct. This contrasts with classical logic, which can be seen as the, computationally unfeasible, limit of the feasible DB logics.

The main contribution of this paper is twofold: first, we show that the measures of belief that we introduce, based on DB logics, provide approximations of classical probability measures over classical logic. Second, we prove that under certain reasonable conditions, the problem of finding whether there is any such measure satisfying a given set of linear constraints is solvable in polynomial time, in contrast with the analogous problem for classical logic and probability.

The rest of the paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"} we recall some preliminaries about DB logics. In Sect. [3](#Sec3){ref-type="sec"} we introduce our depth-bounded measure of uncertainty, based on DB logics, and in Sect. [4](#Sec4){ref-type="sec"} we investigate computational issues. Section [5](#Sec5){ref-type="sec"} contains conclusions and hints at future work.

Preliminaries {#Sec2}
=============
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Let us now move to consider the family of DB Logics. We start from the 0-depth logic, that is the logic manipulating only actual information. Here we will limit ourselves to a proof-theoretic presentation, based on the Intelim (introduction and elimination) rules in Table [1](#Tab1){ref-type="table"}. For a semantic characterization, see the nondeterministic truth tables, e.g. in \[[@CR3], [@CR4]\].Table 1.Introduction and elimination rules
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Before that, let us finish this section recalling two important properties of the DB logics, already mentioned in the introduction, and shown e.g. in \[[@CR3], [@CR4]\]. First, DB logics provide a hierarchy of consequence relations approximating the classical one, that is, $\documentclass[12pt]{minimal}
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Depth-Bounded Proofs and Uncertain Reasoning {#Sec3}
============================================

So far, we have recalled the definition of DB logics and given an idea of how proofs in such logics work, by distinguishing the use of actual and virtual information. Let us now assume that agents, whenever they add a piece of virtual information to their stock of assumptions, can also *weight* their belief on it, for extra-logical reasons. We will then take the belief that an agent commits to a formula $\documentclass[12pt]{minimal}
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We assume that the amount of questions the agents can ask themselves is bounded: the maximum number of questions an agent can ask corresponds, in a sense to be made precise later, to the depth of derivations in DB logic.
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Definition 3 {#FPar3}
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Remark 1 {#FPar5}
--------

As in the case of classical belief and mass functions, $\documentclass[12pt]{minimal}
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The notions of 0-depth mass and 0-depth belief function encode the shallow information, which is provided to an agent. We will now introduce mass functions based on higher DB logics, corresponding to the setting where agents have both higher inferential and "imaginative" power, i.e. when they can weight the uncertainty of pieces of information going beyond what is originally given.
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Definition 5 {#FPar6}
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Before proceeding, we also need the following technical definition.
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Remark 2 {#FPar11}
--------
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We now show some properties of our construction, which highlight its connection with belief functions on the one hand, and with DB logics on the other.
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Let us now discuss some examples.

Example 1 {#FPar14}
---------
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Remark 3 {#FPar15}
--------

The example above can be generalized considering, for any $\documentclass[12pt]{minimal}
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Example 2 {#FPar16}
---------

Let us now consider the famous example of the Ellsberg urn \[[@CR6]\]. We assume to have a language with propositional variables {Y,R,B} which stand for the proposition *the next extracted ball is Yellow\| Red\| Blue*, respectively. The initial knowledge is that 2/3 of the balls are either yellow or red and 1/3 are blue. The background theory is given by the conjunction $\documentclass[12pt]{minimal}
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Complexity of Depth-Bounded Belief {#Sec4}
==================================

In this section we investigate the conditions under which our approach provides a feasible model of reasoning under uncertainty. For concepts in complexity theory, we refer the reader e.g. to \[[@CR14]\]. Following previous works based on classical probability, e.g. \[[@CR7], [@CR8], [@CR10], [@CR11]\], we assume that an agent is provided *n* linear constraints over her belief on the formulas $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _1,\dots ,\varphi _m$$\end{document}$, of the form:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum \limits _{j=1}^m a_{ij} B(\varphi _j) = w_i \ \ \ \ i=1,\dots ,n \ \ \ a_{ij}, w_i \in \mathbb {Q}. \end{aligned}$$\end{document}$$Our setup suggests then the following decision problem, which stands to our *k*-depth logic and *k*-depth belief functions as the GENPSAT problem (see e.g. \[[@CR2]\]) stands to classical logic and classical probability functions:
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**INPUT:** The set of *m* formulas and *n* linear constraints in ([1](#Equ1){ref-type=""}).

**PROBLEM:** Is there a 0-depth belief function $\documentclass[12pt]{minimal}
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Recalling Definition [9](#FPar10){ref-type="sec"}, the problem boils down to finding a solution for the following system of linear inequalities in the unknowns $\documentclass[12pt]{minimal}
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Let us now consider the problem of finding out whether there is a *k*-depth belief function, for a given $\documentclass[12pt]{minimal}
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                \begin{document}$$F_k$$\end{document}$, which satisfies the *n* constraints in ([1](#Equ1){ref-type=""})?
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Theorem 2 {#FPar19}
---------

*GEN-*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {B_k}$$\end{document}$*-SAT* can be decided in **PTIME***(size(*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ In $$\end{document}$*) + n + size(*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {\Pi }$$\end{document}$ *)*).

Proof {#FPar20}
-----
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                \begin{document}$$F\in F_k$$\end{document}$ a set of formulas in *Lf*(*F*). We have then to look for a solution to the system above. Each such system has size $\documentclass[12pt]{minimal}
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                \begin{document}$$ (n+|Lf(F)|+1+inc(Lf(F)) \times |Lf(F)| $$\end{document}$, hence it is still polynomially bounded. Finally, since solving each system requires polynomial time, we obtain the claim.

Finally, let us notice that, if we take $\documentclass[12pt]{minimal}
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Conclusions and Future Work {#Sec5}
===========================

In this work we have introduced feasible approximations of probability measures, based on Depth-Bounded logics. The resulting measures shed light on the connection between two approximation problems: the approximation of probability, as a limiting case of belief functions and that of classical logic as a limiting case of depth-bounded boolean logic. In future research, we plan to compare our approach with the Transferable Belief Model of \[[@CR15]\], and similar works, which handle the relation between belief functions and probability. While the former are considered in \[[@CR15]\] to be adequate to model the *credal*, i.e. purely mental, aspect of belief, the latter are taken as good models for its *pignistic* aspect, i.e. its role as a guide towards decisions. Decision-theoretic models are also a natural setting to evaluate and deepen our results. In particular, in the context of subjective expected utility, various weakenings of Savage axioms \[[@CR12]\] have been considered in the literature (see e.g. \[[@CR9]\] for an overview). We plan to investigate how these works relate to our approach, which weakens instead the logic.

We slightly depart from the notation in \[[@CR4]\], where the state of no information is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\bot $$\end{document}$, since the latter is often used as a constant for *falsum* in intuitionistic and various nonclassical logics.

This condition might not seem intuitive, but actually plays an important conceptual role, given the motivations of our model. While we want to depart from unrealistic assumptions behind both classical inferences and probability, we still want our models to be *prescriptive*, rather than purely descriptive. In other words, we want to model how agents *should* weight their uncertainty, given their limited inferential ability. Therefore, even if it could be the case that agents use the *wrong* piece of virtual information (i.e. failing the condition $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathrm {MAX})$$\end{document}$) we limit ourselves to the case where they only use the virtual information actually leading them to settle as many of their questions as possible, within their inferential abilities.
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